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Abstract
The generalized nonlinear Schrodinger equation (GNLSE) has been studied upon the
standard nonlinear Schrodinger equation (NLSE) to model how complex wave envelopes
change in nonlinear and dispersive environments. There are many applications of the
model in the areas like nonlinear optics, plasma dynamics, Bose-Einstein condensates, and
surface wave studies. In this investigation, we study exact soliton solutions for the space-
time fractional GNLSE using a traveling wave transformation. We apply the extended
Riccati equation approach (EREA) to find the analytical solutions like rational,
trigonometric, and hyperbolic. Our obtained solutions represents periodic and general
solitons. Moreover, we study the bifurcation, chaotic, and sensitivity analysis of the GNLSE.

Keywords: Fractional generalized nonlinear Schrodinger model; Extended Riccati
equation approach; Analytical solution; Qualitative analysis.

1. Introduction

Nonlinear evolution equations (NLEEs) have seen significant development. The models
are extensively utilized to study complex physical phenomena across a range of scientific
fields (Wang and Gao, 2023), (Kawser et al., 2024). The exploration of soliton solutions
(Amin et al., 2025a) provides core study into the nonlinear dynamics in natural systems.
The applications solitons span from optical fiber communication networks (Amin et al.,
2025b) and plasma physics to Bose-Einstein condensates, shallow water wave theory,
and fluid dynamics. The presence of solitons in integrable systems is notable because of
its underlying mathematical structure (Liu et al., 2018). Solitons can be modulated in
terms of amplitude, phase, or frequency. The solitons are used for encoding and
transmitting data over long distances with high reliability. Various types of analytical
methods have been developed to find solutions to NLEEs for instances the first integral
method (Bekir and Unsal, 2012), exp-function method (Bekir and Boz, 2008), homotopy
analysis (Inc, 2008), the (G'/G)(G'/G)-expansion method (Kaplan et al., 2016), unified
algebraic and auxiliary equation techniques (Kilic and Inc, 2016), and the modified simple
equation approach (Arnous et al., 2017).
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Recently, fractional differential equations have gained prominence for their ability to
model complex systems using fewer parameters to study dynamics, stability, and chaotic
behavior (Tripathy and Sahoo, 2023) of the models. Numerous definitions of fractional
derivatives have been studied like the Riemann-Liouville (R-L) (Lioville, 1832), Griinwald-
Letnikov (Grinwald, 1867), (Letnikov, 1868), Caputo (Caputo 1967), modified Riemann-
Liouville (mR-L) (Jumarie, 2006), and the conformable derivative (Khalil et al., 2014).
Among these, the Caputo, mR-L, and conformable derivatives are widely used. However,
these concepts have some limitations like the R-L derivative does not vanish for constant
functions, the conformable derivative behaves predictably only within limited domains,
and the Caputo derivative requires highly smooth functions to handle. The beta
fractional derivative, used to remove the drawbacks, proposed by Atangana in 2016
(Atangana, 2016) offers a more flexible and comprehensive framework. Due to the
capacity of this derivative to overcome some of the inherent limitations of previous
formulations the derivative has been increasingly adopted in fractional modeling.
Fractional Sawada-Kotera differential model has been studied (Shahjahan et al. 2025a)
to investigate soliton solutions using extended modified auxiliary equation mapping
method. Using the beta derivative, the same approach has been implemented on Yu
Toda Sasa Fukuyama evolution model (Shahjahan et al. 2025b) and effective solitary
solutions have been determined that have a wide range of applications on mathematical
physics and engineering.

Definition: If r € R and a function f(x): [r, ) — R, then the beta derivative of f(x) is
represented by 4DZ f(x) and defined as (Atangana, 2016):

1\t
4ADZF(x) = nmf <x +5(x+ 1) ) ~f0)

5-0 1) ’
fx), Vx=>00c=0,

Vx>200<0c<1

here o is the order of the derivative and I'(¢) = fooo e * x°~1dx is the gamma-function.
Then f is said to be § —differentiable provided the above limit exists.

The higher-order nonlinear GNLSE (Lu et al., 2019) with space time beta fractional
derivative which has the form:

i(Dfq + D3%q) + 1ql*(aviq + iv,DY) +iv3q(lq]*), = 0,0 <0 <1,  (1.1)

here the function q = q(x,t), is complex, denotes the slowly varying envelope of the
electric field, and a; (j = 1...5) are nonzero parameters (real) corresponding to various
physical effects like self-phase modulation, third order dispersion, group velocity dispersion,
self-steeping and the self-frequency shift because of the stimulated Raman scattering. Using
planar dynamical theory, the complex dynamical feature and optical solitons (Khan et al.,
2023) of the GNLSE have been explored using the complete discriminant system method.
Optical soliton solutions of the GNLSE based on self-frequency-shift and kerr-nonlinearity-
terms have been found (Ahmad et al., 2023) by implementing the modified tanh expansion
approach corresponding to new Riccati solutions. Beside these, the EREA is widely
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acknowledged for its strength and reliability in conducting analytical investigations. In this
research, the method is further implemented to extract a broad spectrum of optical soliton
and soliton-like solutions for fractional GNLSE. Moreover, the EREA contributes to a deeper
realizing of nonlinear mathematical equations with real-world relevance. Based on current
available data, the application of EREA to the GNLSE involving the beta derivative has not yet
been explored, despite the method’s considerable impact on fractional versions of GNLSE.
These motivate us to set the aims of this work to derive both standard and generalized stable
soliton solutions for the specified nonlinear fractional equation using the EREA. Our study
yields rational, hyperbolic, and trigonometric solution forms those have distinct physical
behaviors such as general and periodic solitons. Graphical illustrations of the solutions and
qualitative analyses are included to highlight the physical characteristics of these solutions
and the model.

We have organized this paper as follows: in Section 2, we outline the methodology. In
Section 3, we have studied a comprehensive mathematical analysis of the equation. In
section 4, we have focused on the graphical visualization of the obtained solutions. In
section 5, we have represented the bifurcation analysis. In section 6, we have discussed
the chaotic and the sensitivity analyses. In section 7, we have summarized the key
conclusions of the study.

2. The Methodology: Extended Riccati Equation
Let us consider the following fractional NLEE

E(q,M7q,M7q,M#7q,M27q,M7qM{q,..) = 0,0 <o <1, (2.1)

where E expresses a polynomial in function g and its distinct fractional derivatives. The
following transformation

a 1\% b 1\
q(x,t) = U(Q) and!)-;(x+a) +;(t+;) , (2.2)
alters Eq. (2.1) to an ODE due to Q:
F(u,u',u”,u'",...... )=0. (2.3)

We consider the assumption as the integrating constant is zero against the Eq. (2.3).
Since the soliton solutions do not contain arbitrary constants, our considered
simplification is justified. Then we eliminate these constants and concentrate on
extracting the soliton structure.

Let us consider that the solution to Eq. (2.1) takes the form:

I (P Q)+ ~H)
Ko+ XTI, (ki ( Q)+~ H())’

uQ) = (2.4)

where i = 1,2,3, ...,n, and the parameters ¢;, €;, k; and T; are constants to be determined.
The value of nis obtained using the homogeneous balance method. Additionally, the
function ¢ = ¢(Q) is assumed to satisfy the Riccati differential equation:

¢'(Q) = u+21¢(Q) +vd?*(Q). (2.5)

The exact solutions of the above equation have been determined by Zhu (2008).
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By substituting Eq. (2.2) and Eqg. (2.3) into Eq. (2.1), a polynomial in terms of ¢ is molded.
To find the parameters in Eq. (2.2) as well as in Eqg. (2.3), the algebraic equations are
solved by taking each coefficient of the polynomial equal to zero. After identifying the
parameter values according to this process, solutions for Eq. (2.2) can be determined
using the obtained values and the solutions founded by Eq. (2.3).

3. Application of EREA to the GNLSE

We start by introducing a particular transformation of the variable (wave) ), defined as follows:

q(x,t) =U(Q) and 2 =§(x+%)a+§(t+$)a, (3.1)

where a and b are wave number and wave velocity respectively. This change of variables
enables the wave equation to be expressed in terms of the new variable £2, with U now
considered a function of £2. By inserting the transformation into the Eq. (1.1), we obtain
the following expression:

l(UQ + U_Q_Q_Q) + |U|2(V1U + inUQ) + iV3U|U|ZQ = 0, (32)

where, U denotes a complex-valued function, and its subscripts indicate differentiation
with respect to (2. To facilitate further simplification, we apply the transformation below
to the function U (£2):

U(@) = e*Q(Q), (3.3)
here Q(f) is a real variable function.

By inserting this result into the earlier derived Eq. (3.2), we can decompose the result
into its real and imaginary parts as shown below:

(—aly, + 1))Q3 + (a® — b)Q — 3a3Q" = 0. (3.4)
_a(/12+2/13)Q3 n 9a3—3bQ " _a_3Q,, -0 (3.5)
9 9 3
The following relations can be derived by merging Eq. (3.4) and Eq. (3.5)
(—aly+21) (a®-b) —-3a3
a(1122+2113) = a3 a3 (3.6)
9 9 3
From Eq. (3.6), we obtain
_ Mo, d3(=8adp+2ad3+94y)
a= 243" 0 T —2aAp+2ad3+314 (3.7)
Finally, Eg. (3.2) and Eq. (3.3) can be written as
a;Q%(Q) + a,Q(Q) + 230" (Q) = 0, (3.8)
3_ 3
where @, = —2*2h) 94 -3b oy = =2

9 9

Using the balance method (homogeneous prinicple) between Q" and Q3 in Eq. (3.3), it is
determined that n = 1. Consequently, the solution given in Eq. (2.5) reduces to the
following simplified form:
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Lo+ P Q) +— (n)

uQ) = (3.9)

¢(ﬂ)

Substituting into Eq. (3.9) and applying the form given in Eq. (2.5), we obtain a
polynomial expression in ¢(£2). By grouping the terms according to powers of ¢ () and
setting each coefficient to zero, we solve the resulting system using Maple and
determine the following parameter values:

K, tAuy-aza 2VKg |
P O e ke e = paVT®@E
0 +2vigv—agag+iagy | © 0071 ™ = 4, 71 !

where Kk, 1 are random.

Substituting the obtained values of the parameters into the solution (3.9) and utilizing
Eg. (3.3), we arrive at the following result:

a2{L1K0(qub(Q)—A)\/—a2a1+¢(ﬂ))u%al +2va21cg}

uQ) = 3.10
@ (2V-azaiveg+Ay a) (V-azaii p(Q)+roaz) ( )
When A2 —4uv > 0anduv # 0or v = 0, w = /A2 — 4uv ,08 = \/[—a, a4,
_ az((29K0v+mla1)mt1tanh((m/z)n)+4tllcolv6+AZL%a1—4—v2a21cg) i
Ul (Q) - (2KkgvB+A1a1)(Bwiq tanh((w/2)n)+Ay 6—2Kgazv) e (3.11)
a2 ((20Kgv+AL ey oy coth((0/2)n)+411 k0 Av0+A%12 ay —4v2aykd)
Uz @ = (2KVO+A11a1)(Bwiq coth((w/2)1)+A1 02Kz V) ! (3.12)
__ ax((tanh(wn)+I sech(wn)) 20kov+Ay a)wiy +4t ko WVO—4v2asid+122a1) g
Us(Q) = (2K +A1 a1){(tanh(wn)+I sech(wn))Bwiy +At1 02K g v} e (3.13)
U4(Q) _ ((tanh(wn) Isech(wn))(20koVv+AL ay)wiq —4ikgAvO+4v2 azko—/lzllal) em’ (3.14)
(2kgvO+Aty aq){(tanh(wn)—I sech(wn))Owiy—At10+2Kkqa v}
U(Q) = az((coth(wn)+csch(wn))(29k0v+/1L1al)w11+4L1x0/1v6—4v2a2K§+AZL%al) em’ (3.15)
(2kgvO+Aty aq){(coth(wn)+csch(wn))Owiy+At;0 -2k v}
Ug(Q) = az((coth(wn)—csch(wn))(zek0v+/1L1al)w11+4L1x0/1v6—4v2a2K§+AZL%al) el (3.16)
(2kgvO+Aty aq){(coth(wn)—csch(wn))Owiy+At10 -2k v}
<(tanh((a)/4)11)+coth((w/4)n))(29k0v+111a1)w11+8£1K0)w9
_ -8v2a,Kk3+22% 5y ) iQ
U7(Q) - (2KgvO+2At aq){(tanh((w/4)n)+coth((w/4)n))Bwiy+2A11 6 —4Kkga v} (3.17)
@ (2!1K09{ 2A(Asinh(wn)+B)+(wC—Aw cosh(wn))}+4v? aZKO(Asmh(w‘q)+B))
U (_Q) — +A2a1{~A(4sinh(wn)+B)+(wC—Aw cosh(wn))} em (3 18)
8 (2KovO -+ a1){2vkgaz (Asinh(wn)+B)+14 0 (—A(4sinh(wn)+B)+(w(—Aw cosh(wn)))} ~ ' ’
“ (lekog{ 24(Asinh(wn)+B)+(-w(—Aw cosh(nw))}+4v? aZKO(Asmh(wn)+B))
_ + A3 a1 {-A(Asinh(wn)+B)+(-wC—Aw cosh(wn))} i
UQ(Q) T (2KovO+Aiy aq){2vigaz (Asinh(wn)+B)+11 0 (~A(Asinh(wn)+B)+(—w(— chosh(a)n)))}e ’ (3.19)
« <2£1K09{ 2A(Asinh(wn)+B)—(w(+Aw cosh(n w))}+4v? aZKO(Asmh(wn)+B))
U10 (,Q,) — +A2 s {(—A(Asinh(wn)+B)—(w(+Aw cosh(wn))} em, (3.20)

(2KgvO+AL @q){2viga, (Asinh(wn)+B)+t1 0 (—A(4sinh(wn)+B)—(wC+Aw cosh(wn)))}
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« (ZtlKo9{—ZA(Asinh(wn)+B)—(—wC+Aw cosh(n w))}+4v2a, k% (Asinh(wn)+B)
_ 2 +A2 a1 {-A(4sinh(wn)+B)—(-wC+Aw cosh(wn))} i
Ui (Q) T (2KovO+Ai a1){2vigay(Asinh (wn)+B)+11 0 (~A(Asinh(wn)+B)—(—w(+Aw cosh(wn)))} e (321)

where A and B are two parameters with B2 — A2 > 0 and (= /(4% + B2).

—sinh((w/2)N)wkg(11A0-2vaykg) +
(—2vazrd+iy (0 (4pv+22)Ko+2uAi; a1))cosh((w/2)n) )

Ui (Q) = “2<

: e, (3.22)
(2kgvO+A aq)(sinh ((w/2)n)wkgaz+cosh ((w/2)n)(2ut,0-Aazkg))

—cosh((w/2)N)wkg (11 A0 -2vay k) +
aZ((—Zlvazlctz)+11((9(4/,Lv+lz)k0+2ull1a1))sinh((w/2)n) )
Ui3(Q) =

, e, (3.23)
(2KgvO+At1aq)(cosh (w/2)n)wkgaz+sinh (w/2)n)(2ut, 6 -Aazkg))

a (—4t10(4pv+22)ig—8A( w2 a; —va,kE)) cosh(wn)
_ 2 + 4Ko(I+sinh(wn)) (A1 0—-2vKgaz)w
4(2KkqvO+AL ) (211 B —Aaz ko) cosh(wn)+ ko(I+sinh(wn))way)

Ui4(Q) = el?, (3.24)
o ((—4—L1 0(4uv+a?)ko+8A(uday—va,k3)) cosh(wn))
_ 2 + 4K (I-sinh(wn)) (A1 0-2vKgaz)w
4(2KgvO+Aiy 1) (-2t 48+ Az ko) cosh(wn)+ ko(I-sinh(wn))way)

Uis(Q) = el (3.25)
11 ko0 {4vu sinh(wn)—A(—2 sinh(wn)+w cosh(wn)+w))+
%2 <2 ((usinh(wn)AZ aq)+vag k3 (A sinh(wn)+w cosh(wn)+w))}>
(2KgvO+2Ai1a1)( (214160 sinh(wn))+kgaz(—A sinh(wn)+w cosh(wn)+w))

Uis(Q) = — el (3.26)

11 K90{4vu sinh(wn)—A(—Asinh(wn)+w cosh(wn)-w))+
2 <2 ((usinh(wn)AiZ ay)+va, k3 (—A sinh(wn)+w cosh(wn) —w))}>
(2kovO+2At a1)( (2ut10 sinh(wn))+kgaz(—A sinh(wn)+w cosh(wn)-w))

((Zcosh( (w/4)N)?-1)ko(OAL; —2va, ko)(u—>
az

Uy, (Q) = el? (3.27)

2(=2Avay ks +iq (K08 (4pv+2A2)+2uliy aq))
sinh((w/4)n)cosh((w/H) M)
(2KgvO+At aq1)(ay (2cosh((w/4)n)%-1)kow+4sinh((w/4)n)
(t1u0—(Aazko/2))cosh((w/4)m))

where, w = /12 — 4uv,0 = \/[—a,a;.
When A2 — 4pv < 0 and Au # 0 or uv # 0,

Uig(Q) = el (3.28)

a2((20Kgv+AL a1 wg iy tan(win/2) 4 ko Av0+A% 3 a —4v2ayrkd) g

Uig(Q) = 3.29

19( ) (2KQvO+At1a1) (B w1ty tan(w11n/2)— A1 6+2KkgazV) ! ( )

Uy (Q) = a2 ((20KgV+AL a1) w111 COt(w17/2)+411 Ko AVO+A2 2@y —4v2asK3) i (3.30)
20 - (2KgVO+At 1) (B w1ty cot(wn/2)+AL 0—2kKgazV) ’ '

Uy () az((tanh(wln)—sec(w1n))(29x0v+/h1al)w111—4tlkolv9+4v2azx(z,—Azl%al) i 331
= e .

21 (2KrovO+A aq){(tan(win)—sec(w1n))Ow1t1—At10+2Kgayv} ’ ( )

Uy () az((tanh(wln)+sec(w11]))(291c0v+/u1al)w111—4tlicolv9+4-v2azlc%—lzﬁal) ia 3.3
= e .

22 (2KgvO+Aya){(tan(w1n)+sec(w1n))Bwqt1—At10+2Kgaz v} ! ( )

Uy () az((cot(win)+csc(w1n))(26K0v+/1L1al)wltl+4-L1Kolv9—4v2azx(z,+lztfa1) ia 3.33
= e .

23 (2KgvO+Atyaq){(cot(win)+csc(w1m))Owqty +A11 0—2kgaz v} ! ( )

az((cot(win)—csc(wln))(26K0v+/1L1al)wltl+4-L1Kolv9—4v2azx(z,+121%a1) i
Uz4(Q) = =, (3.34)

(2KgvO+Atyaq){(cot(win)—csc(w1m))O w1ty +A11 0—2Kgaz v}
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az((cot((w1/4)n)—tan((w1/4)‘r]))(26K0v+ltla1)w11+811kolv9—8v2a2k%+2&21%a1)
(2KgvO+A aq){(cot((w1/4)n)— tan((w1/4)n))9a)tl+2M19 4K0a2v}
211 K0B{—2A(4sin(w1n)+B)+(w1C1 —Aw1 cos(w1n))}+4v? aZKO(A51n(w171)+B)
( +llla1{ A(Asin(w1n)+B)+(w1(;—Aw cos(w1n))} >
(2KgVvO+ALyaq){2vigaz (Asin(w1n)+B)+110(—A(Asin(w1n)+B)+(w1(1—Aw1 cos(w1n)))}

Ups(Q) =

’

iQ

’

Uze(ﬂ) =

(2L1K09{ 2A(Asin(w M) +B)+(—w1C1—Aw1 cos(w1n))}+4v? asz(A51n(w1n)+B)>
+llla1{ A(Asin(w1n)+B)+(—w1(1—Aw cos(w17))}
(2KgVvO+ALyaq){2vigay (Asin(w1n)+B)+110(—A(4sin(w1n)+B)+(—w1(1—Aw; cos(w1n)))}

U27(Q) =

u (211K09{ 2A(4Asin(w1n)+B)—(w1C1 +Aw; cos(win))}+4v?2 aZKO(A51n(a)11])+B)>
U (Q) — +A2 a1 {~A(4sin(w1n)+B)— (w1 (1 +Aw cos(w1m))} em
28 (2KgvO+ALya1){2vkgaz (Asin(w1n)+B)+110(—A(Asin(w1n)+B)+(w1 (1 +Aw1 cos(w1n)))}

’

o (2111609{—21(Asin(m11])+B)—(—w1C1+A(u1 cos(wn))}+4v2a,Ké (Asin((uln)+B)>
2 +A2a1{~A(4sin(w1n)+B)—(—w; (1 +Aw cos(w17))}
(2KgvO+AL aq){2vkgaz (Asin(wqn)+B)+t1 0 (—A(Asin(w1n)+B)—(—w1 (1 —Aw1 cos(w1n)))}

Uzg (-Q) =

75

(3.35)

(3.36)

e'?, (3.37)

(3.38)

e, (3.39)

where in the solutions (3.37), (3.38) and (3.39), A and B are quantities satisfy

A?> —B? >0, C,=+/ (A2 —B2).
sin((w1/2)N)w1ko(t1A0-2vagkg) +
2((—Zﬂvazxg+L1((6(4uv+lz)xo+2ultlal))cos((wl/z)n) )
(2KovO+AL a1)(=sinh ((w1/2)M)wikoaz+cos((w1/2)1n)(2pt1 6 —Aaz ko))
—cos((w1/2)N)w1ko(t1 10 -2vaykg) +
2((—Zlvazkg+L1((9(4uv+lz)lco+2ullla1))sin((w1/2)n) )
(2KovO+Aiag)(cos (w1/2)Mwikoaz+sin (w1/2)n)(2ut10—-2Aazko))
. ((L16(4yv+12)1<0+21(;u%a1—va2xg)) cos(wln))
2 +wq Ko(1+sin(w1n)) (A0 -2vKkgay)

(2KovO+ALy a1)((211 pO—2Aaz ko) cos(w1m)— Ko(1+sin(w1n))wiaz)

i

’

U30(Q) =

elﬂ

U31(Q) =

’

[£9)

U32(Q) =

. (116 (4pv+22) ko +2A (i a1 —vayk3)) cos(win)
z +wq Ko(—1+sin(w1n)) (A0 -2vKgay)
2rovO+ALy 1) (211 pO—2Aaz ko) cos(w1n)— ko(—1+sin(w11m))w1 az)

i

’

Uss(ﬂ) =

(119(4uv+/12)1c0+21(u11a1 va,K3)) sin(w11m)
—w1q Kg(1+cos(w1n)) (A0 -2vKgay)
(2K0v6+/1£1a1)((211u9 Aazkg) sin(w1n)+ ko (1+cos(w1n))wyaz)

[£9)

’

U34(Q) =

(L19(4uv+22)x0+22(m1 a1 —vayk3)) sin(win)
—wq Ko(—1+cos(w17)) (A 0-2vKgay)
(2x0v9+/h1a1)((2t1u9 Aazk) sin(w1n)+ ko (—1+cos(w1n))wiaz)

i

’

Uss(Q) =

(2(—(cos(w1M/4)?Ko(OAL —2vazke) 1)+ (Kot O(4pv+A%)+2 (Al ay —Avazk3))

U, (Q) = sin(w1n/4)cosh(w1n/4)+w1ko (A6 -2vKoaz))az) eif
36 - ((2KvO+2t 1) ( 2(cosh(win/4)2azkqw1)+2sin(w1n/4) (L u0—Aazkg) !
cos(w1n/4)—wiazkop))

where, w; = /—A% + 4uv,0 = /—a,a;.
When u = 0and Av # 0,
(az (Kot v(=2Af1 - 0+2v2az k3 (f1 +cosh(An)—sinh(An))-f12%2a4) ;
(2kovO+A aq) (=0l fr+Kgav(fi+cosh(An)—sinh(An))) ’
Kot10(— (24 (cosh(An)+sinh(An))—A(f1 +cosh(An)+sinh(An))))
2(+4v2a21c§ (f1+cosh(An)+sinh(An))—A2 (cosh(ln)+sinh(ln))t%a1>

a
— iQ
U38(Q) - (2kovO+2At aq){ —0A11 (cosh(An)+sinh(An))+kgav(l1+cosh(An)+sinh(An))} e

U37 (Q) -

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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where [ is a constant (random).
Whenv #0,u=1=0,

_ a2 (11 Ko (=2v=A(vn+11))0+2(vi +1y )va kG - aq) in
U39(Q) - (2KgvO+At 1) (— Bty +Kgaz(vn+ly)) ’ (349)

where [ is a constant (random).

4. Results and Discussion

This section of the study provides a visual analysis of the derived solitons. Here, we
emphasize the selection of suitable values for the parameters (free). The impact of fractional
differentiation on soliton characteristics is examined through both three-dimensional and
two-dimensional visualizations. The evolution of the solitons is depicted through 3D surfaces
and 2D profiles. These graphical illustrations offer deeper understanding of the core physical
processes involved. The 3D plots capture the soliton behavior over space and time and the
2D representations highlight how different values of the fractional-order derivative affect the

soliton wave. All visual outputs have been generated using MATLAB.
(a) 3D Plot for 0 =0.3 (b) 3D Plot for o = 0.5 (¢) 3D Plot for o = 0.7
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Fig.1: Shows the graphical visualization of the modulus plot of solution (3.27) with parameters,
A1 =10=03,050.709, 1=025u=1v=.54=05K=05 1,=02,1;=
0.2, over the domain x € [—6,6] and t € [—6,6].

Fig. 1(a-e) shows the modulus plot of solution (3.27), prepared by means of the
constraint values 4, = 1,0 =0.3,0.5,0.7,09,, A=025u=1v=.54 =0.5K, =
0.5, 4, = 0.2,4; = 0.2, over the domain x € [—6,6] and t € [—6,6]., even though
Fig.1(f) is demonstrated 2D prototypical in connotation with different values of o. The
illustrated wave represents the form of a periodic-type soliton. When we changes the
values of the fractional parameterg, the soliton changes into smoother, increasing the
frequency, and shows the variation in phase. In the field of nonlinear optics, periodic
solitons are employed to model light pulses. This property is particularly useful in the
development of high-speed communication technologies. Similarly, in plasma physics,
periodic soliton solutions are applied to describe wave structures like ion-acoustic and
dust acoustic waves. This type of solitons provides valuable insight into the behavior of
nonlinear waves in both laboratory and space plasma environments.
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(a) 3D Plot for o = 0.3 (b) 3D Plot for o = 0.5 (¢) 3D Plot for o = 0.7
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Fig.2: Shows the graphical visualization of the modulus plot of the (3.31) with parameters,
A =1.79,0 = 0.3,0.5,0.7,09,1, A=05u=01v=1751 = 05k, = 0.75,

A, = 0.4,13 = 0.79,, over the domain x € [-10,10] and t € [-10,10].

Fig. 2(a-e) shows the modulus plot of solution (3.31), prepared by means of the constraint
values A4, = 1.79,0 = 0.3,0.5,0.7,09,1, A =0.5 4 =0.1,v = 175,41 = 0.5,x, = 0.75,
A, = 0.4,2; = 0.79, over the domain x € [—10,10] and t € [-10,10]; even though
Fig.2(f) is demonstrated 2D prototypical in association with different values of . The
obtained wave shows the form of a quasi-periodic-type soliton. In optical fibers and
photonic crystals, quasi-periodic solitons represent stable light pulses that preserve their
shape by balancing dispersion with nonlinear effects. Similarly, in fluid systems, these
solitons can describe wave patterns on the surface or at the interface of fluid layers.

(a) 3D Plot for o = 0.3 (b) 3D Plot for o= 0.5 (¢) 3D Plot for o = 0.7
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Fig.3: Shows the graphical visualization of the modulus plot of the solution (3.32)‘with parameters
1, =1,0=03,0507091, A=2,u=1,v=2,,4 =05,k =5, 1, = 2.05,1; = 345,
over the domain x € [-5,5] and t € [-5,5].
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Fig. 3(a-e) shows the modulus plot of solution (3.31), prepared by means of the
constraint values A4, =1,0 =0.3,0.50.709,1, A=2,u=1v=2,14 =05k, =5,
A, = 2.05, 15 = 3.45, over the domain x € [—5,5] and t € [—5,5].; even though Fig.3(f)
is demonstrated 2D prototypical in association with different values of o. The
consequential wave yields the form of an asymptotic soliton. In systems described by the
GNLSE, asymptotic solitons illustrate how an initial wave packet gradually separates into
individual, stable structures as it travels over long distances. They also play a crucial role
in demonstrating the long-term stability of solitons and their predominance in the
evolution of a wide range of initial waveforms.

5. Bifurcation analysis
Here, we discuss the bifurcation analysis of the prescribed model using dynamical
system approach. Taking, % = p4, % = p,, then by assuming X = Q and Y = X', we
3 3
hypothesize that the ODE delineated in Eq. (3.8) can be stated as:
dx

aw- Y
) (5.1)
dy
-5 = —PX — pX°
associated to the Hamiltonian
HX,Y) =2 x? +%X4+§Y2. (5.2)

For the system (6.1), the Jacobian matrix (JM) is noted as:

0 1
X,Y) = .
JEY)=]p, —3p,x7 0

In this framework, we present the recognized phase portrayals in the (X,Y)-plane in
view of the cases below:

Case-l: When p; > 0 and p, > 0, there is one equilibrium point-(EP) of the system (6.1) at
the origin (0, 0). At this EP the eigenvalues (EVs) corresponding to the JM are,/—p;,—/—p1
viewing that the EP at the origin is a stable center portrayed in the Fig 4(a).

Case Il: When p; > 0 and p, < 0, there are three distinct EPs of the system (6.1) namely
(0,0), ( /— Z—l, 0) and (— /— Z—l, 0). The EVs of (0, 0) are \/—p;, —/—p1, Showing that
2 2

(0,0) is a stable center. In a similar manner, the EVs of the other JM | (i ’—2—1,0) are
2
+./2p;. Therefore, the EPs <i ’— %, O) are unstable saddle points portrayed in Fig 4(b).
2

Case lll: When p; < 0 and p, > 0, there are three distinct EPs of the system (6.1) namely
/_ p1 — /_ p1 . — [= i
(0,0), ( Pt 0) and ( Pt 0). The EVs of (0, 0) are \/—p;, —/—p1, Showing that

(0,0) is a stable center. In a similar manner, the EVs of the other JM | (i ’—%,O) are
2

+./2p;. Therefore, the EPs (i ’— %, 0) are unstable saddle points portrayed in Fig 4(c).
2
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Case IV: When p; < 0 and p, < 0, there is only one equilibrium point of the system

(6.1) at the origin (0,0). The EVs of J(0,0) are ./—p,, —/—p1, displaying that the EP
origin is a stable center portrayed in Fig 4(d).
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Fig. 4: shows phase depictions for the system (6.1) with
@a,=1a3=1a,=—-1,a,=1a,=2,a3=1,a5=-3/2,u=1k=-2;

b)a; =1a; =l,as=-1,a, = -1,a, = 2,03 = —1,a5 = —g,k =2u=1;
(Ja; =10 =-1,a3=-1,a, =1,a4, = 2,03 = —1,a5 =%,u= 1L,k=-2;
(da; =las=-1a, =-la,=1a,=2,a3 =—1,a5 = —g,k =—2u=1

6. Chaotic and Sensitivity analysis

The chaotic behavior of nonlinear evolution equations reflects the complexity,
sensitivity, and unpredictability of their solutions under certain conditions. Some slight
changes in initial or boundary values can lead to drastically different results in chaotic
dynamics. We examined the perturbation term wcos(ut), where w represents the
amplitude and pu denotes the frequency to investigate the chaotic characteristics of the
system shown in equation (5.1). This allowed us to gain insight into the dynamic
characteristics of the system:
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ax

=Y
dn
o= —p1 X — p,X° + wcos(ut)
(6.1)

We examine how variations in the disturbance amplitude and frequency influence the
behavior of system (6.1). We assign specific values to the parameters and initial
conditions as shown in Fig. 5 and in Fig. 6. To illustrate the system's chaotic behavior
graphically, we use the following parameter values and initial conditions: in Fig. 5, the
valuesaresetasa=1,b=-2,c=4,w=1w;, =4,w, =1, w = 0.017, 4 = 2m, with
initial conditions X(0)= 0.5 and Y(0)=0; in Fig.6,a=1,b=4,c=4w=1w, =4,w, =
1,w =1,and u = /4 ; in the points, X(0) = 0 and Y (0) = 0.1.

3D Plot

{}!\{’j“mt}|
\J‘Q’U N

Fig .5: Chaotic structures of values with w and the dynamic construction that has been labeled for
a=1,b=-2,c=4w=1w, =4w,=1, 0 =0.017,u = 2m.
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Fig. 6: Chaotic structures of values with y and the dynamic construction that has been designated
fora=1,b=4c=4w=1Lw, =4w,=1Lw=1andu=mn/4.
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Here we have analyzed the sensitivity of the system described by equation (6.1). This
analysis is conducted using a specified set of parameter values: a=1,b = —-2,c =
4,w=1,w; =1,w, =4; and the conditions for the system (6.1) are: X(0) =
0.3and Y(0) = 0; X(0) =0and Y(0) = 0.1.

Fig. 7: A sensitivity test for (6.1) is demonstrated using a specified set of parameter values:
a=1b=-2,c=4w=1w; =1,w, =4, whereX=MandY = N.

7. Conclusion

In this study, we have obtained thirty nine soliton solutions of the space-time fractional
GNLSE using the EREA. We have derived a variety of exact solutions like rational,
trigonometric, and hyperbolic forms. We have shown different wave behaviors, such as
periodic structures and localized solitons with graphical representations against the
solutions. Furthermore, in bifurcation analysis, stable center, unstable saddle points

corresponding to the equilibrium points (0,0) and (i /—5—1,0) have been studied with
2

visualization. Moreover, chaotic analysis, and sensitivity with initial conditions
X(0) =0.3andY(0) = 0; X(0) = 0and Y(0) = 0.1 have been studied in this work. We
hope that the outcomes of this study will contribute to nonlinear wave dynamics in
complex dispersive media. A future research can be studied by examining the GNLSE
using broader forms of fractional derivatives beyond the Beta derivative.
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